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Riemann equation appears in the frame of the theory that I explore. This was the 
reason why I considered division ring as vector space over center. 

Introduction of basis simphfics some constructions and presents a bridge between 
the Gateaux derivative and Jacobian matrix of map. This is exactly the place, 
where the Cauchy-Riemann equations should appear. The exploration of derivative 
of function of complex numbers reveals that the Cauchy-Riemann equation has 
algebraic origin and is related with statement that there exists i?-linear function 
over complex field, however this function is not C-linear. For instance, conjugation 
of complex number is linear over real field, however it is not linear map over complex 
field. 

In quaternion algebra H , there exist only i?-linear map. The corollary of this 
statement is the ability represent every i?-linear map using quaternion and absence 
of the evident analogue of the Cauchy-Riemann equation in quaternion algebra. 
However, in numerous papers and books dedicated to calculus over quaternion 
algebra mathematicians explore sets of maps that have properties similar to prop- 
erties of functions of complex variable. Some of authors do not restrict themselves 
to quaternion algebra and explore more general algebras. 

In the paper [3] , Gclfand explores the quaternion algebra over arbitrary field as- 
suming that product depends on arbitrary parameters. We assume H = E{R, —1,-1) 
Using this paper, I decided to explore two cases that are important for me. 

The algebra E(R, a, b) was interesting for me because I supposed to find param- 
eters a, b such that the system of linear equations [2]-(3.2.17) is singular. It was 
important to understand what happens in this case. When I explored the structure 
of linear map over division ring it was not evident how non singularity of system 
of linear equations [2]-(3.2.17) have an infiucncc on answer. However, the solution 
to this problem was not the one I had expected. It turned out that the system 
of linear equations is so simple that everybody can sec that this system cannot be 
singular. 

I have wrote that the Cauchy-Riemann equation is related with statement that 
complex field has real field as subfield. I assumed also that similar statement is 
possible in algebras with enough aggregate center. This is why I expected to see 
analogue of the Cauchy-Riemann equation in the quaternion algebra over complex 
field. In the course of solving the problem I realized that algebra E{C, —1, —1) 
is isomorphic to tensor product C ® H . Therefore linear functions of this alge- 
bra satisfy to the Cauchy-Riemann equation for C-componcnt of tensor product. 
Therefore I can tell the same about Jacobian matrix of arbitrary function. Natural 
extension of this topic is exploration of tensor product C ®{C ® H). In particular, 
I put my attention is non associativity of tensor product. 

In the book [2] on the base of which I wrote this paper, I explore the Gateaux 
derivative of function over division ring. However in this paper I consider arbitrary 
algebras that not always are division rings. During the time that I explore the 
Gateaux derivative, I realized that this subject can be generalized to more wide set 
of algebras. I will prepare the complete research later. I wrote this paper in order 
to explore conditions when the Cauchy-Riemann equations are possible. 

2. Conventions 

(1) Function and map arc synonyms. However according to tradition, corre- 
spondence between either rings or vector spaces is called map and map of 
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either real field or quaternion algebra is called function. I also follow this 
tradition, although I sometimes write the text where it is not clear what 
the term should be preferred. 

(2) We can consider division ring D as D- vector space of dimension 1. Accord- 
ing to this statement, we can explore not only homomorphisms of division 
ring Di into division ring £)2, but also linear maps of division rings. This 
means that map is multiplicative over maximum possible field. In particu- 
lar, linear map of division ring D is multiplicative over center Z{D). This 
statement does not contradict with definition of linear map of field because 
for field F is true Z{F) = F. When field F is different from maximum 
possible, I explicit tell about this in text. 

(3) Let A be free finite dimensional algebra. Considering expansion of element 
of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in 
algebra. In expression a?, it is not clear whether this is component of 
expansion of element a relative basis, or this is operation = aa. To 
make text clearer wc use separate color for index of clement of algebra. For 
instance, 

a = a^e-i 

(4) If free finite dimensional algebra has unit, then we identify the vector of 
basis Co with unit of algebra. 

(5) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 

3. Linear Function of Complex Field 

Theorem 3.1 (the Cauchy-Riemann equations). Let us consider complex field C 
as two-dimensional algebra over real field. Let 

(3.1) eco = 1 eci = i 

be the basis of algebra C . Then in this basis product has form 

(3.2) gp.j = -ec-o 
and structural constants have form 



Bcoo =1 ^Coi = 1 
Bc\q=1 5c.?i=-1 



(3.3) 

Matrix of linear function 

y' = x^f; 

of complex field over real field satisfies relationship 

(3.4) /o° = fl 

(3.5) /(} = -/° 

Proof. Equations (3.2) and (3.3) follow from equation = —1. Using equation 
[2]-(3.2.17) we get relationships 

(3.6) /° = f'^'-Bc.l.Bc.l,. = /°'-i3c.°oSc.^. + f'^Bc-loBc-t = f° " ^ 

(3.7) f^ = f'^'-Bc-loBc-lr = /"'-ScSoScJ. + f'"- Bc-loBc-lr = r + 
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(3.8) A° = f^Bcl.Bclr = f^-Bc.l,Bc.t + f"Bc.1,Bc.l. = - 

(3.9) fl = f^Bc.l.Bc.l, = fBc-l.Bc.lr + Bc-^'^^Bcl,. = f°° - /" 

(3.4) follows from equations (3.6) and (3.9). (3.5) follows from equations (3.7) and 
(3.8). □ 

Theorem 3.2 (the Cauchy-Riemann equations). Since matrix 

dx° dx^ 
dy^ dy^ 

^dx^ dx^ 

is Jacobian matrix of map of complex variable 

X = x° + x'^i y = y°{x°,x'^) + y^{x°,x^)i 
over real field, then 

dx^ dx^ 

Proof. The statement of theorem is corollary of theorem 3.1. □ 

Theorem 3.3. Derivative of function of complex variable satisfyes to equation 

dy dy 



'dx^ 



(3.11) 
Proof. Equation 

dx° 

follows from equations (3.10). 



dxO 
.dy' 



dx^ 







. dy° dy' 



dx° dx^ dx^ 



□ 



Equation (3.11) is equivalent to equation 

/ %° dy° 

(3.12) (1 i) 



dx'^ dx^ 
dy' dy' 

dx'^ dx^ ' 



= 



4. Quaternion Algebra 

In this paper I explore the set of quaternion algebras defined in [3] . 

Definition 4.1. Let F be field. Extension field F{i,j, k) is called the quaternion 
algebra E{F, a, b) over the field F' if multiplication in algebra E is defined 
according to rule 



(4.1) 

where a, b ^ F, ab 0. 





i 


j 


k 


i 


a 


k 


aj 


j 


-k 


b 


-bi 


k 




bi 


—ab 



follow definition from [3] . 
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Elements of the algebra E{F, a, b) have form 

X = x° + x^i + x'^j + x^k 
where x'ei^, i = 0, 1, 2, 3. Quaternion 

— 1 • 2 ■ Si 

X = X — XI — xj — xk 

is called conjugate to the quaternion x. Wc define the norm of the quaternion 
X using equation 

(4.2) =xx = (.T°)2 - a{x^f - b{x^f + ab{xy 

From equation (4.2), it follows that E{F,a,b) is algebra with division only when 
a < 0, 6 < 0. In this case we can rcnorm basis such that a — —1, b = —1. 

We use symbol E{F) to denote the quaternion division algebra E{F, —1, —1) 
over the field F. Multiplication in algebra E{F) is defined according to rule 



(4.3) 





i j 


k 


i 


-1 k 




3 


-fc -1 


i 


k 


j -i 


-1 



□ 

In algebra E{F), the norm of the quaternion has form 

(4.4) \xf ^xx^ (a;°)2 + {x')^ + {x^f + {x^'f 
In this case inverse element has form 

(4.5) x-'^ = \x\-'^x 

We will use notation H = E{R, —1, —1). 

The inner automorphism of quaternion algebra 

p qpq-^ 

(4.6) 

q{ix + jy + kz)q = ix' + jy' + kz' 

describes the rotation of the vector with coordinates x, y, z. The norm of quaternion 
q is irrelevant, although usually we assume |g| = 1. If g is written as sum of scalar 
and vector 

q = cos a + [ia + jb + kc) sin a a? + b^ + = 1 
then (4.6) is a rotation of the vector (x, y, z) about the vector (a, 6, c) through an 
angle 2a. 

5. Tower of Algebras 

Let Fi be algebra over the field i^2- Let ei2 be basis of algebra Fi over the field 
F2- Let Bi2.'ij be structural constants of algebra Fi over the field F2. 

Let F2 be algebra over the field F3. Let 623 be basis of algebra F2 over the field 
^3. Let i?23 ij- structural constants of algebra F2 over the field F3. 

I will consider the algebra Fi as direct sum of algebras F2. Each item of sum I 
identify with vector of basis ei2 . Accordingly, I can consider algebra Fi as algebra 
over field F3. Let 613 be basis of algebra Fi over the field F3. Index of basis 613 
consists from two indexes: index of fiber and index of vector of basis 623 in fiber. 



2See [6], p. 643. 
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I will identify vector of basis ei2-i with unit in corresponding fiber. Then 

(5.1) eis.ji = e23jei2-i 
The product of vectors of basis 613 has form 

(5.2) ei3. jiCiS-mk = 623 ,5612.^623. mei2 fc = -823- jm,e23 o-Bl2-ifeei2 b 

Because Bi2.'l^ G F2, then expansion 812-1^. relative to basis 623 has form 

(5.3) B12.L = Si2.^^^e23.c 
Let us substitute (5.3) into (5.2) 

ei3ijei3mfc = B23-'jm^23aBi2.ik^23cei2b 

(5.4) = -B23.°'^B23oc-Bl2-ifce23dei2.b 

— ^23- jm^23ac'^12-ik^l3db 

Therefore, we can define structural constants of algebra Fi over field F3 

(5-5) -Sl3-ji'.mfc = -S23jm^23ac-Sl2ife 

To verify construction, let us consider the product 

ei2-iei2A; = e13.oie13.ofe 

= i^l3-oiofeei3(ib 

(5-6) = -B23.00 S23 ac-Bl2-ifcei3-db 

r> On d r> be — 

— i'23 00-D23 0c-Dl2 ifc ei3.bd 

= B23 0cBl2 ik ei3 bd 

On the other hand 

ei2iei2-fc = Bi2-ii^ei2-b 
(5.7) = i3i2ifee23de23-oei2.b 

= Bi2.ik B23 od^23 cei2 b 
= -Bl2ife523 0dei3bc 

Expressions (5.6), (5.7) coincide. 

Theorem 5.1. If Bi2.\f, S F3, then we multiply components ei2-i, 623. fe of vector 
ei3-ik independently 

(5-8) Bis.'.jl.^,. = B23jmBl2ik 

Proof. From equation (5.2), it follows 

(5.9) ei3.,iei3.rr!,fe = ^23 jrn623 a^l2 ifcei2.b = B23 jmBl2 ik ^23 ab 

Equation (5.8) follows from the equation (5.9). □ 
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6. Quaternion Algebra over Complex Field 



In this section, I will consider quaternion algebra E{C, —1, —1), where C is com- 
plex field. 

Product in algebra E{C, —1, —1) is defined according to table 





ei2-i 


ei2-2 


ei2-3 


6121 


-1 


ei2-3 


— 612-2 


ei2-2 


— ei2-3 


-1 


6121 


ei2-3 


ei2-2 


-ei2.i 


-1 



12 




00 


= 1 


Bi2 


1 

01 


= 1 


Bl2 


2 

02 


= 1 


Bl2 


3 

03 


= 1 


12 


1 

10 


= 1 


Bl2 




11 


= -1 


Bl2 


3 

12 


= 1 


Bl2 


2 

13 


= -1 


12 


2 

20 


= 1 


Bl2 


3 

21 


= -1 


Bl2 




22 


= -1 


Bl2 


1 

23 


= 1 


12 


3 

30 


= 1 


Bl2 


2 

31 


= 1 


Bl2 


1 

32 


= -1 


Bl2 




33 


= -1 



(6.1) 



According to theorem [2J-7.3.1, structural constants of quaternion algebra have 
form 

B 
B 
B 
B 

Let 623-1; = ec-k- Product in algebra C is defined according to rule 3.2. According 
to theorem 3.1, structural constants of complex field over real field have form (3.3). 

Therefore, algebra E{C, —1, —1) is isomorphic to tensor product C ® H . So we 
can select basis 

ei3-ii = 6c-i ®e-i2-j 

("6 2) ei3..oo = l®l ei3-.oi = l0i ei3.,02 = l®j eis-os = ® k 

ei3-.io = i®l ei3-.ii = I I ei3-.i2 = i (8) j ei3-.i3 = i®k 

Theorem 6.1. Table of product in algebra E{C, —1, —1) over field R has form 

1 iCSj 1 (E) k i (E) I i®i i (E) j i E) k 



1 (g) i 
lE)j 
1 » fc 
i (g) 1 

i® j 



-1 C 
-10 
1 C 

i ' 
-i C 
-ii 

i ( 



1 (g) fc 
-1 El 1 
-1 (E) i 
i® j 
iE) k 
-i®l 
—i®i 



-IC 
1. 
-1 C 

i C. 
-i ( 

i I 
-i C 



I ( 
i C 
i (5 
-IC 
-1 ( 
-IC 



'l®k 



-i®l 

-i ® k 
i® j 

-1 ® i 
1 ® 1 
l®k 

'l®j 



-i C 
—i 
-1 ( 
-1 C 

1 C 

1 



.fc 
)1 

i>i 

>j 
ifc 
) 1 



-I® ] 
i® i 
-i®l 
-l®k 







Proof. Table is written according to equation 

(ec-i ®ei2.k){ec-j ®ei2-m) = (ec i ec-j) (ei2-fc ei2 
and definition of basis (6.2). 

Theorem 6.2. Structural constants of the algebra E{C, —1, —1) over field R have 
form 



a 



Bis. 


00 

00 00 


=1 


B13. 


■01 

•00-01 


= 1 


■B13- 


-02 

■00 02 


= 1 


■B13 


■03 

■00^03 — 


1 


-Bia- 


01 

0100 


=1 


B13. 


■00 

■01-01 


= -1 


-B13- 


■03 

■0102 


= 1 


■B13 


■02 

0103^ ^ 


-1 


-Bia- 


02 

02 00 


=1 


B13. 


■03 

■02-01 


= -1 


-B13- 


■00 

■02 02 


= -1 


-B13 


■01 

■02^0:J — 


1 


-Bi3- 


03 

03 00 


=1 


B13. 


■02 

■03-01 


= 1 


-B13- 


■01 

■03 02 


= -1 


-B13 


■00 

■ 03^03 — 


-1 
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r> -10 
-O13-.0010 


= 1 


B13. 


11 
00 


11 = 


1 


B13. 


12 
00 


12 = 


1 


B13. 


] ;j 

uO- \ :.i ^ 


1 


R 11 

-D13-0110 


= 1 


B13. 


10 
01 


11 =~ 


1 


B13. 


13 
01 


12 = 


1 


B13. 


1 2 

01 ■! :i ^ 


-1 


R 12 
-°13-.0210 


= 1 


B13. 


13 
02 


11 =~ 


1 


B13. 


10 
02 


12 =~ 


1 


B13. 


1 I 


1 


R 13 
-°13-.0310 

R -10 
-D13-.1000 


= 1 
= 1 


B13. 
B13. 


12 
03 

11 
10 


11 = 
01 = 


1 

1 


B13. 
B13. 


11 
03 

12 
10 


12 =~ 
02 = 


1 
1 


B13. 
B13. 


10 

03^13 — 
I 3 

'[0-03 ~ 


-1 
1 


-^13-11. 00 


= 1 


B13. 


10 
11 


01 =~ 


1 


B13. 


13 
11 


02 = 


1 


B13. 


iT^o.-i =^ 


-1 


R 12 
■°13-.1200 


= 1 


B13. 


13 
12 


01 =~ 


1 


B13. 


10 
12 


02 =~ 


1 


B13. 


1 J 

12 03 ~ 


1 


R 13 
-°13-.1300 

R 00 
-D13 - .1010 - 


= 1 
= -1 


B13. 
B13 


12 

1301 — 
■01 

■1011 — 


1 

-1 


B13. 
B13 


11 

13 02 — 
■02 

■1012 — 


1 

-1 


B13. 
Bi3 


10 

13 03 ^ 
■03 

■1013 — 


-1 
-1 


R 01 
■D13 - .1110 - 


= -1 


B13 


■00 

■1111 — 


1 


B13 


■03 

■1112 — 


-1 


B13 


■02 

■1113 — 


1 


R 02 
■°13 - .1210 - 


= -1 


Bi3 


■03 _ 
■1211 — 


1 


Bi3 


■00 _ 
■1212 — 


1 


Bi3 


■01 _ 
■1213 — 


-1 


R 03 
-D13-.1310 - 


= -1 


B13 


■02 

■1311 — 


-1 


B13 


■01 

■1312 — 


1 


B13 


■00 

■1313 — 


1 



Proof. We consider the statement of theorem either as coroUary of the theorem 6.1, 
or as coroUary of theorem 5.1. □ 

Theorem 6.3 (The Cauchy-Riemann equations). Matrix of linear function 



y ^ J jm 

of algebra E{C, —1, —1) satisfies relationship 

J Oi ~ J li 



(6.3) 



J c 



J -1 



■Oi J -li 

Proof From equations [2]-(3.2.17), (5.8), (3.3) it follows 



= r 



ka rc Ty td 
■ka- 



■oj 



(6.4) 



■ J ^C-lo Bi2.ai Bc-lr Bl2.i^ 

fOaOc r> n b r> n j 

■ f Bc-oo Bi2.ai Bc oo ^12^5c 

f Bc lo Bi 



■10 ^12- ai 
fOaOc TO b TJ j 



b H n 



3 

12bc 



J Oi 



^j^'Oa-Oc 
f 



/■1-1-) B 



3 

12-6C 



ka rc r> tj 
ka- 



(6.5) 



/ 
(/ 



Pb TD Ij 

feo Oi -°13^ ■pb 

Bclo Bi2.l, Bc-lr B 



00 

10 Bl2-at 

b r> 3 
12-ai ^I2 bc 



3 

12^5c 



■r 

fOalc n r> b rt 1 TD 3 
■ J Be 00 Bi2.ai Be -ox Bl2.i,c 

f^aOc Bc-lo Bi2.^- Bc-lo -Sl2^5c 



Oa lc T> b r> 3 



12-5C 



Oa^lc I fla^Oc^ td b td 3 
) Bl2 ai Bl2 f,c 
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fOj fkarc r> pb r, Oj 

J li ~ J -°13-.fca li -°13-.pbrc 





fkarc T) P n b rj rj j 



(6.6) +f '"-^'^- Bc.1,B,2.iiBc°ooBi2' 



be 

la-Oc ID b t:> j 



— -J -Dl2 oi -Dl2 bc ~ / ^12 ai ^12-5, 

a-Oa-lc I j-'la-Ocx Tj b j 
+ J j i>12.ai i>12.5c 

J li - I ^i3- ka li ^13- pb.rc 

fkarc nPr>br>lr)3 

= /■°" °'' Bc ol Bi2.ai Bc lo ^12-5c 

(6.7) +r^''-^'' Bc.'i^B,,.l^Bc.l^B,,.l 

fOaOc n b r> 3 flalc r> b r> 3 

— J ^12 ai -D12-5C ~ / ^12 ai ^12 bc 

/ fOa Oc fla lc\ tj b r> 3 
= U -J ) ^12ai ^12bc 

Equation (6.3) follows from comparison of equations (6.4) and (6.7), (6.5) and 
(6.6). □ 

Theorem 6.4 (The Cauchy-Riemann equations). Since matrix 
is Jacobian matrix of map in algebra E(C, —1, —1), then 

dyl3 QyOj 



dy °^ _ dy-^^ 

dx °i ~ dx^ 

Proof. The statement of theorem is corollary of theorem 6.3. □ 

7. Algebra C ® {C ® H) 

Algebra C®{C® H) is not quaternion algebra. However I consider this algebra 
here because this algebra is similar on algebra i?(C, —1, —1) — C ® H . 

Algebra C ® {C ® H) is interesting from other point of view also. When we 
consider this algebra it becomes evident that tensor product of noncommutative 
rings is nonassociative. Because C is field then C ® C \b isomorphic to C, and 
therefore, {C ® C) ® H \s isomorphic C ® H . However, because H is not algebra 
over complex field, then algebra C®{C®H) is different from algebra {C®C)®H = 
C(g)H. 

Algebra C €5 (C (g) H) has so large dimension, that it becomes unsuitable to 
consider product table and structural constants of this algebra. However it is easy 
to see that structure of this algebra is similar to structure of algebra considered in 
section 5. 

We will represent basis of algebra C ® {C ® H) as 
(7.1) Ckji = ec k ® (ec-j ®eH-i) 
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where ec is basis of algebra C and en is basis of algebra H . Correspondingly, the 
product in algebra C ® {C ® H) is defined componentwise 

(7.2) ai ® (a2 ® 03) 61 ® (&2 ® ^2) = (ai6i) ® ((a2?^2) ® (as&s)) 

Theorem 7.1. Structural constants of the algebra C ® {C ® H) have form 



B\ 



rdb 



Bn-ik 



where Be 



pq 



= Br Br 

are structural constants of complex field, Bh '^j. are structural con- 
stants of quaternion algebra. 

Proof. To prove the theorem it is enough to compare following equations 

^Ttii ^amk — B_„ 



^pji ^qmk 



,rdb — 
' pji qmk ^rdb 

=ec-p ® (ec-j ®eH-i)ec-q ® (ec-m ^en-k)) 
=iec-p ec q) ® {{ec-j ec-m) ® (eH i) en k)) 



--Br 



■pq 

=BC pq Bc jm Bn-ik ^rdb 

Theorem 7.2. Structural constants of the algebra C (8) (C H) have form 



Bc'^mBH-ikeCr 



■J' 



(ec-d (E) en-b) 



□ 



(7.3) 



B 


OOb 

OOiOOfe — 


Bh 


b 

ik 


B 


Gib 

OOi Olfc ~ 


Bh 


b 

ik 


B 


01b 

Oli OOfe ~ 


Bh 


b 

ik 


B 


01b 

Oli Olfc ~ 


-Bh 


b 

ik 


B 


10b 

OOilOfe — 


Bh 


b 
ik 


B 


lib 

OOillfc — 


Bh 


b 

ik 


B 


lib 

Oli lOfe ~ 


Bh 


b 
ik 


B 


lib 

Oli llfc ~ 


-Bh 


b 

ik 


B 


10b 

lOi OOfe ~ 


Bh 


b 
ik 


B 


lib 

lOi Olfc ~ 


Bh 


b 

ik 


B 


lib 

lliOOfe — 


Bh 


b 
ik 


B 


lib 

lliOlfc — 


-Bh 


b 

ik 


B 


OOb 

lOilOfc — 


-Bh 


b 
ik 


B 


Olb 

lOillfc — 


-Bh 


b 

ik 


B 


01b 

lli lOfe ~ 


-Bh 


b 

ik 


B 


Olb 

llMlfc ~ 


Bh 


b 
ik 



Proof. The statement of theorem is corollary of theorems 7.1, 3.1. 
Theorem 7.3 (The Cauchy-Riemann equations). Matrix of linear function 

ikp 



□ 



y—=x'--f^ 



jmr ^^kp 
jmr 



of algebra C ® (C ® H) satisfies relationship 
J c 

r' 

/.c 
/.o 



(7.4) 



•00 J 

OOi 


_ flOi 
~ ^lOi 


_ fOlj 
— J Oli 


_ fllj 
~ ^lli 


■01 J 
OOi 


_ fllj 
~ J lOi 


_ fOOj 
— J Oli 


_ flOj 
~ J lli 


■lOj 
OOi 


_ fOOj 
~ J lOi 


_ fllj 
~ JOli 


_ rOlj 

— J lli 


•llj 
OOi 


_ fOlj 
— J lOi 


_ flOj 
~ ^Oli 


_ fOOj 
— J -lli 



Proof. Using equations [2]-(3.2.17), (7.3), we can repeat computing that we used 
to prove theorem 6.3. However, it is evident that this computing is different only 
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by set of indexes. Thus, from theorem 6.3, it follows 

fiji 
Jiji 



(7.5) 



/■Omk ^-Imk 
■Oji 

/•Imk ^-Omk 
■Oji 



r-qOk 
J pOi 

r-qlk 



r-qlk 
J pli 

_ f -QOk 

J -r) 



(7.6) 

■pOi J -pli 

Equations (7.4) follow from equations (7.5), (7.6). 

Theorem 7.4 (The Cauchy-Riemann equations). Since matrix 



□ 



map in a 


Igebra C (>< 




then 


QyOOi 


Qy 10,. 


QyOli 


Qylli 




Q^lOj 






QyOOi 


QylOi 


QyOli 


Qylli 






g^ooj 


Q^lOj 


QyOOi 


QylOi 


QyOli 


Qylli 








Qx-Olj 


QyOOi 


QylOi 


QyOli 


Qylli 




Q^Olj 




Q^OOj 



Proof. The statement of theorem is corollary of theorem 7.3. 

8. Quaternion Algebra E{R, a, b) 



□ 



Assume eo = 1, ei = i, 62 = j, 63 = k. According to equation (4.1) structural 
constants of algebra E{R, a, b) have form 



Boo 



Bqi 



1 

Blo=l S?i 
1 
1 



^21 



Bil 



B52 
B32 



B'oa 

-^13 
^23 

^33 



1 

a 
-b 
-ab 



Theorem 8.1. Standard components of linear function and coordinates of corre- 
sponding linear map over field R satisfy relationship 

f /o° =/oo+a/"+6/^2_^;,^33 

n =f^^+af^^-bf^^+abf^' 



i.l) 



/I 

fi 



,J00_^J11^5J22^^^J33 

--f°°-af^^-bf^^-abf^^ 



Alcks Klcyn 

/o' = /°^+ /^°- bp^+ 6/32 
/° = afHap^+abp^-abp^ 
fi =- /°'+ /'°+ bp^+ bp^ 
fi =-ap^+ap°-abp^-^-abp^ 

' fS = r+ ap'+ P°- ap' 
P = P^+ ap^- p°+ ap^ 
/o =bp^-abp^+bp°+abp^ 
p =bp^-abp^-bp°-abp^ 

P = ap^+ ap^+ ap^- ap° 

fl =_ bfOS+ 6/12+ 6/21+ 6/30 

/o =-abp^+abp^-abp^-abp° 



/°°- ^ /o+ ^ /i+ ^ /!+ ^ /e 
^ " 4a ^°+4a-^i 4a 4a ^= 

f22 _ ^ fO 1 fli ^ f2 ^ f. 

J - 4& ^° 46^i+4&^2 4^/£ 

="4^^° + 4^^i' + 4^^2'"4^^^ 
1111 
" 4^ 4 ^° + 4^ 4 /I 

""4^^°+46-^'^'"4^^'+46^2' 

f23 _ _}_fO_ ^ fl ^2 I -'■ f3 

^ ^ " 4a6^i 46-^° Aab^^^Ab^^ 
1111 

f20 _ ^ fO ^ j-l, ^ f2 ^ f3 

~ i^''^ 4&-'3+4''o i-'i 
" 4a&^2 4a&^^ 4a^° + 4a-^i 

f02 _ J_ fO , J_ fl , i j;2 , 1 f3 

~ 46-'2 4&-'3^4''°^4-'i 
. ^~4^^°"4^'^3 + 4^^° + 4^-^' 
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(8.8) 



p^ 

f03 



1 



^/3+^/2+^/f 

"4^^°-^/2+^/f 



Proof. Using equation [2J-3.2.17 we get relationships 

Jo - J ^kO ^pr 

— fOO nO rO , rll rjl rO , j^22 r>2 



f! 



■abf 



fl fkr r>P pi 

Jo — J -DfcO ^PT 



fcO "pr 

^00 B 
cOl , ^10 



pQl pO pi I flQ pi pi 
J ^00 -t>01 + / -DlO -Dl 



10 -°io 

■23 , i,f32 



./23 5 



20 



^fcr pP p2 
/ ^kO ^pr 

£02 ryO r)2 , ^13 q1 ri2 , ^20 ri 
/ ^00 ^02 + / -^10 ^13 -T J 



fkr nP p3 
/ ^kO ^pr 

£03 jdO oS I £l2 q1 tdS I .f21 ri2 

/ ^00 ^03 + / ^10 ^12 + / ^20 



30 



/? = / 



fcr pP pO 
^fcl ^pr 



/■Ol pi pO I flO pO pO I j^23 p3 

/ ^01 ^11 + / -Dii -Doo + / -D21 
■af^+ar + abf^-abr 



fi=f 



kr TOP pi 
^kl ^pr 

00 



r + af^-bf' + abf 



21 



i-33 



fl=f 
= f 



'kr nP p2 
-°fcl ^pr 

03 



r1 r2 _i_ fl2 pO p2 I j^21 p 

^01^13 + 7 -D11-D02+/ -D 

03 , „j-12 , „f21 „ r30 



-4/0 

-P 
4/0 

4/0 

-P 
4/0 



pO I j^33 p3 pO 
^22 "T ^ "30 "33 



pi I j^32 p3 pi 
"23 "T J "30 "32 



p2 I /•31 p3 p2 
"20 + / "30 "31 



p3 I j*30 p3 p3 
"21 + / "30 "30 



pO I j*32 p2 pO 
"33 + / "31 "22 



pi I j^33 p2 pi 
"32 + / "31 "23 



p2 I j^30 p2 p2 
"31 + / "31 "20 



fkr TOP p3 
/ ^kl ^pr 

1 p3 

'01 "12 



f 



02 pi p3 I fl3 pO p3 
"ni iSio + / "11 "03 



o3 I j-Sl d2 d3 
^30 + / ^31 ^21 
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/° = 

_ f02 T>2 T>0 I fl3 n3 nO , /•20 nO nO , <-31 nl nO 

- J ^02 ^22 + / -^^12 ^33 + / ^22 ^00 + J ^32 ^11 

= - abf^^ + bf° + abf^ 

fl fkr nP d1 

72 - / i^k2 ^pr 

^-03 rj2 pi I ^12 p3 pi , j*21 pO pi , /•30 pi pi 

— 7 ^02 ^23 + 7 -Ol2 -D32 + 7 ^^22 ^^01 + 7 ^^32 ^10 

= -6/°=* + 5/^2 + 5/^^ + 6/^° 

^■2 _ xfcr pP p2 
72-7 t^k2 ^pr 

— / ^02 ^20 + / ^12 -^31 + / ±J22 -^02 + / ^32 ^13 

= r-af''+br + abf^ 

j-3 _ ^fcr pP p3 

72- 7 -C'fe2 ^pr 

£01 p2 p3 I flQ p3 p3 I j^23 pO p3 , j*32 pi p3 

- 7 ^02 ^21 + 7 -C>12 -C>30 + 7 ■C>22 -^^03 + 7 ^32 ^12 

= _/01 + flO + ^J23 ^ ^^32 

fO _ fkr TOP pO 

73- 7 ^k3 ^pr 

_ f03 p3 pO I fl2 r2 pO I j^21 pi pO , <-30 pO pO 

— 7 ^03^33 + 7 -D13-D22+7 ^^23-011+ 7 ^^33 ^00 

= -abf^ + abf^'^ - abf^ - abf° 
fi = f^^ Bl, Bl 

i'02 p3 pi I ^13 p2 pi I p2Q pi pi I /•31 pO pi 

- 7 ^03 -^32 + 7 -Dl3 -^23 + 7 ^^23 + 7 ^^33 ^01 

= bf - abf^^ - bf° - abf^ 
fi = Bl, Bl^ 

_ fOl p3 p2 I j-10 p2 p2 I j^23 pi p2 , j32 pO r2 

- 7 ^03 -C>31 + 7 -C>13 ^20 + 7 ^23 -C>13 + 7 -D33 -°02 

= -a/°i + a/i° - 06/2=* - abf^ 

fi = r Bl, Bl^ 

xOO p3 p3 I j^ll p2 p3 I j^22 pi p3 , j^33 pO p3 

— 7 ^03 -D30 + 7 ^^13 -D2I + 7 -D23 ^12 + 7 ^33 ^03 



= /OO _ „^11 _ ^J22 _ ^^j33 

We group these relationships into systems of hnear equations (8.1), (8.2), (8.3), 
(8.4). 

(8.5) is solution of system of linear equations (8.1). 

(8.6) is solution of system of linear equations (8.2). 

(8.7) is solution of system of linear equations (8.3). 

(8.8) is solution of system of linear equations (8.4). □ 

Theorem 8.2. For any values of parameters a 7^ 0, & ^ 0, there exists one to one 
map between coordinates of linear function of algebra E{R, a, b) and its standard 
components. 

Proof. The statement of theorem is corollary of theorem 8.1. □ 
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9. Regular Function 



Although there is no analogue of the Cauchy-Riemann equations in quaternion 
algebra, in different papers mathematicians explore different sets of functions that 
have properties similar to properties of functions of complex variable. In [4, 5], 
there is definition of regular function that satisfies to equation 



(9.1) 







dx^ dx^ dx-^ dx'-^ 
Theorem 9.1. Differential equation (9.1) is equivalent to system of differential 
equations 

dp_ 
dx^ 
dp_ 
dxo 
dp 



(9.2) 



f9/o 

dx° 
dp 
dx^ 
dp 



dx^ ~^ dx^ 



dp_ 

^ dx^ 

Proof. Let us substitude 

^^■^^ d^^'J^ 

into equation (9.1). We will get 
df df df 



df^ 

dx^ 



dp 


dp 


dx'^ 


dx^ 


dp 


^dp 


dx^ 


dx"^ 


dp 


dp 


dxo 


dx^ 


dp_ 


.dp 


dx"^ 


dxo 















k 



df^^^dfl-^dflj. 
dx"^ dx'^ dx'^ 



df 



dx'^ 



dp 


df^_ 


dp_ 


dp 


dxo 


dx^ 


dx'^ 


dx^ 


^.,dp 


.dp 


_dp_ 


dp, 

dx^' 


dxo 


dx^ 


^..dp 


^dp_ 


.dp 


dp. 
dx^' 




dx^ 


dxo 


,,dp 


.dp 


_dp_ 


df\ 

dxo' 




dx^ 


dx'^ 



The statement of theorem follows from equation (9.4). 



□ 



In the paper [1], corollary 3.1.2, p. 1000, Deavours proves that the only regular 
quaternion functions with bounded norm is a constant. 

Theorem 9.2. Components of the Gateaux derivative of regular quaternion func- 
tion satisfy to equations 



= 



(9.5) 





d''y ^ 


d^^y 

h 


+ 


Q33y 


dx 


dx 


dx 


dx 


d°^y 


d^'^y 


d^^y 




d^^y 


dx 


dx 


dx 




dx 


d°^y 


d^^y 


d'^^y 


+ 


d^^y 


dx 


dx 


dx 


dx 


Q03y 


d^'y^ 


^92iy 


+ 


Q30y 


dx 


dx 


dx 


dx 



= 



= 
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Proof. Let us substitude equations [2]-(7.3.1), [2]-(7.3.3), [2]-(7.3.5), [2]-(7.3.7) into 
equation (9.2). We will get 

df° df^ dp dp 
dx° dx^ dx"^ dx^ 

QOOy glly Q22y Q33y /gOOy 511^ Q22y g33y 



dx dx dx dx \ dx dx dx dx 

gOOy Qlly^g22y ^33^ \ / ^00^ glly Q22y g33y 

dx dx dx dx J \ dx dx dx dx 

= _2^-2^-2^-2^ 
dx dx dx dx 

=0 

df df__df_ df_ 
dx^ dx^ dx^ dx-^ 

gOly glOy Q23y ^32^ /^Ol^ ^10^ ^23^ ^32^ 



dx dx dx dx \ dx dx dx dx 

gOly QlOy g23y Q32y-. / gOly glOy g23y g:i2y 



dx dx dx dx J \ dx dx dx dx 

= _2^+2^ + 2^-2^ 
dx dx dx dx 

dp dp dp dp 
dx^ dx^ dx^ dx^ 
d°^y 
dx 
d°^y 



d^'^y 


d^-°y 


f + f 


' d°^y 


d^'^y 


d'°y 


d'^V 


dx 


dx 


dx \ 


^ dx 


dx 


dx 


dx 


d^^y 


d^°y 
h 4 


d^^y\ 


fd°-'y 


d^^y 


d^°y 




dx 


dx 


dx ) 


[ dx 


dx 


dx 


dx J 



dx 

= _2^-2^ + 2^+2'^ 
dx dx dx dx 

=0 

dp dp__dp_ dp_ 
dx^ dx^ dx'^ dx° 



d°''y 


d^^y 


d^-'y 


d'°y / 


' d^^'y 


d^^y 


d^'y 


g30y^ 


dx 


dx 


dx 


dx ' 


y dx 


dx 


dx 


dx J 


g03y 


d^'y 


d^'y 


g30y^ 


^gosy 


d^^y 


d^'y^ 




dx 


dx 


dx 


dx ) 


[ dx 


dx 


dx 


dx I 



g03 ^d^-y „d'^^y 
! - 2 + 2 + 2 

dx dx dx dx 



□ 
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Theorem 9.3. The Gateaux differential of regular function over quaternion algebra 
has form 



glly g22y g33y 



(9.6) 



dx 


dx 


dx 




d^^y 


d^^y 


dx 


dx 


dx 




d^^v 


d^^y 


dx 


dx 


dx 




d'^^y 


d^^y 



dx 



dx 



dx 



dx 



dxi 



dxj 



dxk 



d^ 
dx 

d^°y 
dx 

d^^y 



idxi 



idx + 



dx 

d^'^y . 



idxk - 



dx 



idxj 



d^ 

dx 

d^y 
dx 

d^°y 

dx 

d^^y . 



3 dxj - 
jdxk 
jdx 



d^ 

dx 

d^ 

dx 

d^ 

dx 



kdxk 



kdxi 



kdxi 



dx 



d^^'y 
jdxi H — - — kdx 



dx 



Proof. The statement of theorem is corollary of theorem [2]-5.2. 
Equation (9.1) is equivalent to equation 



□ 



(9.7) 



k) 



[dp 

dxo 


df_ 

dx^ 


dp 
dx'^ 


dp_\ 
dx'^ 




df^ 


dp_ 
dx^ 


dp_ 
dx-^ 


dp_ 

dx^ 




df^ 
dx" 


df^ 
dx^ 


dp_ 

dx"^ 


df^ 

dx^ 


* 

\kj 


df^ 
\dx° 


dp 
dx^ 


dp 
dx-^ 


dp_ 
dx^ 1 





10. Instead of an Epilogue 

The complex field and quaternion algebra have both common properties and 
differences. These differences make it harder to identify in the quaternion algebra 
patterns similar to those we have observed in the complex field. Therefore, it is 
very important to understand these differences. 

One of the research directions is finding an analog to the Cauchy-Riemann equa- 
tion in quaternion algebra. In this paper, I reviewed some studies in this area. 

According to the theorem [2]-7.1.1, linear mapping has matrix 

^ao -ai 
^oi ao 

This mapping corresponds to multiplication by the number a = ao + a\i. The 
statement follows from equations 

(ao + aii)(a;o + x\i^ = a^XQ — a\X\ + (aoa;i + aia;o)« 



ao 
ai 



-ai 



aoio 

OiXo 



a\X\ 



I decided to consider a similar class of functions of quaternions, 
mapping of quaternion algebra 

X ^ ax 



The linear 
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\ 






a° 














a° 






v 




2 

—a 






/ 



has matrix 



(10.1) 



It is interesting to consider the class of quaternion functions which has derivative 
of similar structure. However I think that the structure of the matrix (10.1) is 
too restrictive for derivative of functions of quaternions and I little relaxed the 
requirement. I assumed that the derivative satisfies to following equations 

dy°_ ^ dy^ ^ dy^ ^ dy^ 
^ ' dxO dx^ -^-2 ;)^3 



dx^ 



dx^ 



df_ ^ _dy^ . . . 
dxi dx^ 



(10.3) 

It is easy to see that derivative of function like 

y = ax y = xa 

satisfies to equations (10.2), (10.3). 
Consider the function 

y = x'^ 

Direct calculation gives 

' (X°)2 - (xl)2 - (^2)2 



(10.4) 



y 
y' 
y' 

y' 



2x'>x^ 



{x^Y 



The derivative of the mapping (10.4) has matrix 

^2a;0 -2x1 -2x'^ 
2x^ 2x° 



(10.5) 



2x2 

,3 



2x3\ 


2x° 
\2x^ 2x0 / 

Therefore, the matrix (10.5) satisfies to equations (10.2), (10.3). 

Thus, the set of functions whose derivative satisfies to equations (10.2), (10.3) is 
sufRciently large. The same time, derivative of conjugation does not satisfy these 
equations. 

Without a doubt, this is only the beginning of the study, and many questions 
must be answered. 
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STIOfl O KBaTepHHOHZLX 



AjieKcaHflp KjieiiH 



AHHOTAqMJi. B CTaTbe paccMaTpHBaeTCH MHOjKecTBO ajire5p KBaTepHHOHOB 
Ha^ nojieM. Ajire6pa KBaxepHHOHOB E{C, —1, —1) H30Mop4)Ha TenaopHOMy npo- 
H3BefleHHK) nojia KOMnjieKCHtix iHceji C n ajire6pbi KBaTepHHOHOB H = E{R, —1,-1). 

PaCCMOTpeHHO flBa MHO>KeCTBa (j5yHKD;HH ajIreSptl KBaTepHHOHOB, KOTOpbie MO- 

ryT HMeTb ypaBnenHa noxojKHe na ypaBHCHHe Komn-PHMaHa ^jih 4)yHKi^HH 
KOMnjieKCHOH nepeMeHHOH. 

• Mno^cecTBO 4)yHKLi,iiH, y^OBjieTBop5iiOLu,Hx ypaBHeHHio 

dx^ dx^ dx'^ dx^ 

• MnO^KeCTBO 4)yHKLl,HH, y^OBJieTBOpHIOmHX CHCTeMe ypaBHeHHH 

dy° _ dy^ _ dy"^ _ dy^ 
dx^ dx^ dx^ dx^ 

dy^ = i ^ j 

dx^ dx^ 



CseTjioii naMHTH H. M. rejib4)aHfla 



COflEPJKAHHE 

1. HpeflHCjiOBHe 1 

2. CorjiameHHH 3 

3. JTHHeiiHaa: 4)yHKi];HH KOMnjiCKCHoro nojiH 3 

4. Ajire6pa KsaTepHHOHOB 5 

5. BainHH ajire6p 6 

6. Ajire6pa KsaTepHHOHOB na^ nojiCM KOMnjieKCHbix Hiiceji 7 

7. Ajire6pa C ® {C ® H) 10 

8. Ajire6pa KsaTepHHOHOB E{R, a,b) 12 

9. Peryjiapnaa 4)yHKLi;iiH 15 

10. Bmccto anHjiora 18 

11. CnHCOK jiHTepaTypbi 19 



1. riPEflHCJTOBHE 
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AjieKcaHflp Kjichh 



jiH ypaBHemie KoinH-PHMana b paMxax toh TeopHu, KOTopyio h Hsynaio. 3to h 
nocjiyjKHjio TOjiHKOM K paccMOTpeHiiK) Tejia KaK BeKTopnoro npocTpancTBa na/i, 

LI,eHTpOM. 

BBeflCHiie 6a3Hca ynpomaeT neKOTopBie nocTpoeHHH h sBjiaeTCH CBoeoSpasHbiM 
MOCTOM MeyKflj npoH3BOflHOii FaTO II MaTpHii,eH SkoGh OToGpajKeHHH. 3to iiivieHHO 
TO MCCTO, r^e ^ojukho noHBHTbca ypaBHeniie KoniH-PiiMaHa. PaccMOTpeniie npoiis- 
Bo;i,Hoii 4)yHKii,Hii KOMnjieKCHbix ^^iiceji noKasbiBaeT, hto ypaBHeHne KoniH-PiiMaHa 
iiMecT ajire6paiiHecKyio npnpofly ii CBssana c tcm, hto cymecTByeT i?-jiHHeHHaH 
4)yHKii,iia: nojiH KOMnjieKCHBix Hiiceji, ne HBjiHiomaHCH C-jiiiHeiiHOii. HanpHMep co- 
npHJKeHiie KOMnjieKCHoro ^^iicjia jiHHeiiHO na;; nojieM ^encTBHTejibHtix niiceji, ho hc 
HBjiHeTCH jiHHeiiHijiM OTo6pajKeHHeM Hafl nojieM KOMnjiCKCHbix Hiiceji. 

B ajire6pe KBaTepniiOHOB H cymecTByeT tojibko i?-jiHHeHHoe OTo6pa}KeHHe. Cjie^- 
CTBiieM 3Toro sBjiHeTca BOSMOJKHOCTb BbipaaiiTb jiio6oe i?-jiiiHeiiHoe OTo6pa}KeHiie 
nepes KsaTepHiiOH h OTcyTCTBiie OHCBiiflHoro anajiora ypaBHeHHH Komii-PiiMaHa b 
ajire6pe KBaTepniiOHOB. Tcm ne Menee, b MHoro^iicjienHbix CTaTtax h KHiirax, no- 
CBHmeHHbix anajiiisy na/i, ajire6poH KBaTepniiOHOB, MaTCMaTiiKH iisynaiOT MHOJKe- 

CTBa 0T06pa>KeHIIH, CBOiiCTBa KOTOpBIX nOXOJKH Ha CBOiiCTBa 4)yHKII,HII KOMHJieKC- 

Hoii nepeMeHHOH. HeKOToptie aBTopti ne orpanHHHBaiOT ce6H ajireSpoii KBaTepnii- 
OHOB II paccMaTpHBaiOT 6ojiee oGmiie ajire6pi>i. 

B CTaTte [3] FejibeJaaHfl paccMaTpHBaeT ajireGpy KBaTepniionoB nafl npoiiSBOjib- 
HbiM nojieM H c npoH3BOjibHbiMii napaMeTpaMH. IIpii stom H = E{R, —1, —1). 
OniipaHCb na STy CTaTbio, h pemiiji paccMOTpeTb flBa cjiynaH, KOToptie fljia Me- 

HH Ba>KHI>I. 

Ajire6pa E(R, a, b) 6bijia HHTepecna fljiH Mena: tcm, hto h xoTeji noflo6paTij na- 
paMeTpbi a, b Tax, hto CHCTCMa jiHHeHHbix ypaBHeniiii [2]-(3.2.17) CTanoBiiTca bbi- 
pojKfleHHOii. Mne 6bijio BajKHO noHSTb, ^no npoHSoiifleT b stom cjiynae. Xlpn iisy- 
HeHHH CTpyKTypbi jiiiHeiiHoro OTo6pajKeHiiH na/i, TejiOM fljia Mena 6bijio ne cobccm 

OHeBHflHO KaK nOBJIHHCT Ha OTBCT BbipOJKfleHHOCTb CHCTCMBI JIHHeHHblX ypaBHeHIIH 

[2]-(3.2.17). 0;i,HaKO pemeHiie stoh sa^aHn ne ^ajio 0}Kii;i,aeMoro OTBCTa. CiiCTeMa 
JIHHeHHblX ypaBHCHHH OKaaajiacb nacTOjibKO npocToii, hto neBOopyjKeHHbiM rjiasoM 

BHflHO, HTO 3Ta CHCTeMa He MOJKCT 6bITb BbipOJKfleHHOH . 

51 HHcaji, HTO ypaBHenne KoniH-PiiMana CBHsano c TeM, hto nojie KOMnjieKCHbix 
HHceji HMeeT Ho;];nojie fleiiCTBiiTejibHbix Hiiceji. 51 BbiCKaaaji TaKsce Hpe/i,nojiojKeHHe, 
HTO HOxojKee yTBepjKfleHHe bo3mo»:ho b ajire6pax c floCTaTOHHO cjiojKHbiM ii,eHTpoM. 
HosTOMy B ajireSpe KBaTcpHHonoB na/i, nojieM KOMHjieKCHbix Hiiceji h ojKii^aji yBH- 
;i,eTb anajior ypaBHenHH KoniH-PHMana. B xo^e penieniis sa^a^n BbiHCHHjiocb, hto 
ajireSpa £'((7,-1,-1) ii30Mop4)Ha TensopnoMy npoiiSBeflenHio C®H . HosTOMy jih- 
HefiHbie 4)yHKii;HH stoh ajire6pbi, a cjie/i,OBaTejibHO, h MaTpHii;a 5Iko6ii npoiiSBOjib- 
Horo OTo6pa>KeHHH, y^OBjieTBopaiOT ypaBHeniiio Komii-PiiMaHa ;;ji5i KOMnoneHTbi 
TeH3opHoro npoiiSBefleHHs, nopojKflenHOii nojieivi C. EcTecTBenHbiM npoflOjiJKeniieM 
3TOH TeMbi sBHjiocb Hsy^eHiie TensopHoro npoHSBe^eniiH C ® {C ® H). B nacTHO- 
CTii, nepBoe, na hto h o6paTHji BHiiManiie, - sto Heaccoii,iiaTiiBHOCTb Tensopnoro 
npoHSBefleHiiH. 

Ajire6pa C®H HHTepecna fljia: Mena h c flpyroii tohkii speHHJi. Ilojie KOMnjieKC- 
Hbix HHceji HBjiaeTCH ajire6paHHecKHM saMbiKaniieM nojiH fleiiCTBHTejibHbix ^^iiceji. 
He B03HHKaeT jiii noppQwAR cbhsb MejK^y ajire6poH H h ajire6poii C ® HI 

B KHHre [2] , na ocHOBe KOTopoii nanHcana STa CTaTbH a paccMaTpiiBaio npoiiSBOfl- 
Hbie FaTO 4)yHKii;Hii Tejia. OflHaxo b STOii CTaTbe h paccMaTpiiBaio npoiiSBOjibHbie 
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ajire6piji, KOToptie ne Bcerfla sbjihiotch TejiOM. B TeneHHii Toro BpeMenn, hto a 
pa6oTaio c npoiiSBOflHOii FaTO, h nonaji, hto sth, lema MOJKeT 6biTB oSoSmena na 
6ojiee niHpoKHii Kjiacc ajire6p. HojiHoe HCCjie;i,OBaHHe hohbhtch noajKC, s naniicaji 
3Ty CTaTBio c ii,ejiijio HsynHTb ycjiOBHH noHBjieHHH ypaBHenHH KoniH-PHMana. 

2. COrJIAUIEHMfl 

(1) cDyHKii,Ha H OTo6pa}KeHHe - chhohhmbi. OflnaKO cymecTByeT TpaflHi^HH co- 

OTBCTCTBHe MCJKfly KOJIbLi;aMH HJIH BCKTOpHBIMH HpOCTpaHCTBaMH HaSblBaTb 

OTo6pa>KeHHeM, a OToGpajKCHHe nojiH fleiicTBHTejibHbix hhcbji hjih ajire6- 
pbi KBaTepHHOHOB HasbiBaTb 4)yHKn,HeH. 51 tojkc cjieflyio 3toh Tpa^Hi^HH, 
xoTH BCTpe^acTca tbrct, b KOTopoM neacHO, KaKOMy TepMHHy naflo OTflaTb 
npeflnoHTeHHe . 

(2) Tejio D MOJKHO paccMaTpHBaTb KaK _D-BeKTopHoe npocTpancTBO pasMep- 

HOCTH 1. CoOTBeTCTBeHHO 9T0My, Mbl MOJKeM II3yHaTb He TOJIbKO rOMO- 

Mop4)H3M Tejia Di B Tejio D2-, ho h jiHHefiHoe OTo6pajKeHHe tcji. Hpn 
3T0M HO^paayMeBaeTCH, hto OToSpajKCHHe MyjibTHnjiHKaTHBHO na^ MaK- 
CHMajibHO BOSMOJKHbiM HOjieM. B HacTHOCTH, jiHHeHHoe OTo6pajKeHHe Tejia 
D MyjibTHHjiHKaTHBHO Ha/i, H,eHTpoM Z (D) . 3to He npoTiiBopeHHT onpe^e- 
jieHHK) jiHHefiHoro OTo6pajKeHHH nojiH, Tax KaK jijin hojih F CHpaBefljiHBO 
Z[F) = F . EcjiH nojie F otjihhho ot MaKCHMajibHO BOSMOJKHoro, to a sto 
HBHO yKasbiBaio b TCKCTe. 

(3) IlycTb A - CBo6oflHaH KoneHHO MepnbiM ajireGpa. IIpH pasjiojKeHHH sjie- 
MeHTa ajire6pbi A OTHOCHTCJibHO 6a3Hca e mh HOjibsyeMca OflHofi h toh 
>Ke KopHeBOii 6yKB0ii pjia o6o3HaHeHHH SToro ajiCMCHTa h ero KOop;i,nHaT. 
OflHaKO B ajire6pe ne hphhhto HCHOJibsOBaTb BeKTopHbie o6o3HaHeHHH. B 
BbipajKeHHH a?' ne hcho - sto KOMnoHenTa paajioJKCHHH ajieMSHTa a othoch- 
TejibHO 6a3Hca hjih sto onepan,Ha: B03BefleHHH b CTenenb. fljiH o6jierHeHHH 
HTeHHa TCKCTa mm 6yfleM nH^eKC sjieMCHTa ajire6pbi Bbi^ejiHTb H,BeTOM. 
HanpHMep, 

a = a'cj 

(4) EcjiH CBo6oflHaH KOHeHHOMepnaH ajire6pa HMeeT eflnHHn,y, to mm 6y;i,eM 
OTOscflecTBjiHTb BCKTop 6a3Hca Co c e/i,HHHH,eH ajire6pbi. 

(5) Be3 coMHCHHa, y HHTaTSJia mohx CTaTefi MoryT 6biTb Bonpocbi, 3aMeHaHHa, 
B03pa>KeHHH. 51 6ypy npH3HaTejieH jiK)6oMy 0T3biBy. 

3. JIhHEMHAH (I>yHKLl,HH KOMnJlEKCHOrO noJiJi 

TeopeMa 3.1 (YpaBHenHH KoniH-PHMaHa) . PaccMompuM noAe KOMUAeKCHux hu- 
ceA C KaK deyMepnyw aAae6py Had noACM deucmeumeA'bHUX HUceA. IIoAOCtKUM 

(3.1) eco = 1 eci = i 

6a3uc aAzeCpu C . Tozda e smoM 6a3uce npouaeedenue UMeem eud 

(3.2) ec-i = -ec-o 
u cmpyKmypHue KOHcmaHmu UMemm eud 

(3 3) ^Coo=l Bc.l^= 1 
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Mampuv,a AUHeuHoti ^yHK%uu 
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noAsi KOMnACKCHUx HuceA Had noACM deucmeumeAbHux hucca ydoeAemeopjiem co- 
omHomeHum 

(3.4) /o° = fl 

(3.5) = -/° 

/loKaaameA-bcmeo. PaseHCTBa (3.2) h (3.3) cjieflyiOT h3 paeeHCTBa = —1. Ilojib- 
syacb paBencTBOM [2]-(3.2.17) nojiynaeM cooTHOineHiia 



(3.6) 


/o° 


= f'"'BcloBc%. 


— / Bc oo-DC Or - 


f f^'^Bc loBc ir = 


r- 




(3.7) 




fkr TD P TD 1 


— / Bc ooBC Or ' 


f f^'^Bc loBc lr = 


r + 




(3.8) 


/? = 


fkr n P r> 


= BcoiBcir 4 


fir n n 

'/ BcixBcor — 


_/01_ 


-r 


(3.9) 


n 




= /°' Bc oiBc lr - 


^f^^Bc.'l^Bc.L = 


r- 





H3 paBCHCTB (3.6) H (3.9) cjie^yeT (3.4). Hs paBencTB (3.7) h (3.8) cjie^yeT (3.5). □ 
TeopeMa 3.2 (YpaBHeHHa KoniH-PHMana). Ecau Mampuv,a 

/df_ df_' 

dx^ dx^ 
dy^ dy^ 
dx^ ' 

sieAfiemcsi Mumpwueu Hko6u (fjyHKV,uu KOMUAeKCHOzo nepeMCHHOzo 

x = x° + x^i ^ y = y°{x°,x^) + y^{x°,x^)i 
Had noACM deucmeumeAbHux HuceA, mo 

Qyl QyO 

fo 1n^ dx° dx^ 

dx° dx^ 

/(oKasameAbcmeo. Cjie^CTBHe TeopeMbi 3.1. □ 

TeopeMa 3.3. UpouaeodHaH (pyHKU^uu KOMnACKCHOzo nepeMeuHozo ydoeAemeopji- 
em paeeHcmey 

1 1 \ dy dy 

/^OKasameAbcmeo. PaBencTBO 

dy° _^ .dy^ _^ .dy^ _ dy^ ^ ^ 
dx° dx° dx^ dx^ 
cjieflyeT h3 paBencTB (3.10). □ 

FaBCHCTBO (3.11) SKBHBajieHTHO paBencTBy 

f dy° dy° ' 

(3.12) (1 i) 



dx" lA 

dy^ dy^ 
^dx° dx^' 
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4. Ajifebpa KBATEPHHOHOB 

B 3TOH CTRTbe H paccMaTpHBaK) MHOJKecTBO KBaTepHHOHHbix ajire6p, onpe/i,ejieH- 
HblX B [3]. 

Onpe/i;ejieHHe 4.1. IlycTb F - none. PacniHpeHiie F{i,j,k) nojia F nasbiBaeT- 
CH ajire6poH E{F, a, b) KBaxepHHOHOB na^ nojieM F^, ecjiii npoHSBefleHne b 
ajire6pe E onpe^ejieHO corjiacno npaBiijiaM 





i 


3 


k 


i 


a 


k 


aj 


3 


-k 


h 


-hi 


k 




hi 


—ah 



(4.1) 



Tf\e a, b e F, ah ^ 0. 

SjieMCHTbi ajire6piji E{F,a,b) hmciot bh^ 

X — x'^ + x^i + x^j + x^k 

Tflfi S F, i = 0, 1, 2, 3. KBaTepHHOH 

X = x*^ — x^i — x'^j — x^k 

HasBiBaeTca conpHJKeHHbiM KBaTepHHony x. Mbi onpe^ejiHM HopMy KsaTepHHOHa 

X paBencTBOM 

(4.2) \x\^ =xx = (x°)2 - a{x^f - b{x^f + ahix^^f 

Hs paBBHCTBa (4.2) cjie^ei, hto E{F, a, h) HBjiaeTCH ajire6poH c flejienHCM tojibko 
Kor/i,a a < 0, & < 0. Tor^a mbi MOJKeM npoHopMHpoBaTb 6a3HC TaK, hto a — — 1, 
h^-l. 

Mbi GyflCM o6o3HaHaTij chmbojiom E(F) ajire6py E{F, —1, —1) KBaTepHHOHOB 
c flejieHHeM na^ nojiCM F. HpoHSBefleHHe b ajire6pe E{F) onpeflejieno corjiacHO 
npaBHjiaM 





i 


3 


k 


i 


-I 


k 


-J 


3 


-k 


-1 


i 


k 


3 


—i 


-1 



(4.3) 



B ajire6pe E{F) HopMa KBaTcpHHona hmcct bh^ 

(4.4) |xp ^xx^ {x° f + {x' f + {x^-f + (x^f 

IIpH 3TOM 06paTHbHI SJieMCHT HMeCT BHfl 

(4.5) x-^ = \x\~^x 

Mbi 6yfleM nojiaraTb H — E{R, —1, —1). 
BHyTpeHHHii aBTOMop4)H3M ajire6pbi KBaTcpHHOHOB 

p qpq-^ 

(4.6) 

q{ix + jy + kz)q ^ = ix' + jy' + kz' 



□ 



^51 6yfly cjie^OBaTb onpe^ejieHHio h3 [3]. 
^Cm. [6], c. 643. 
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omiCBiBaeT Bpameniie BCKTopa c KOop^HnaTaMH x, y, z. Ecjih q aanHcan b bh^b 
cyMMbi CKajiHpa ii BexTopa 

q ~ cos a + [ia + jb + kc) sin a a? + + (? = \ 

TO (4.6) omicbiBaeT BpameuHe BexTopa {x,y,z) BOKpyr BexTopa {a,b,c) na yroji 
2a. 

5. BAIUHH AJirEBP 

IlycTb Fi - ajire6pa na^ nojieM i^2- HycTb ei2 - 6a3HC ajireSpti Fi na^ nojieM 
F2. IlycTb Bi2.^.j - CTpyKTypHbie KOHCTaHTbi ajire6pbi Fi na/i, nojiCM F2. 

IlycTb F2 - ajire6pa na^ nojieM ^3. IlycTb 623 - 6a3HC ajire6pbi F2 na^ nojieM 
F^. IlycTb B23-j j - CTpyKTypHbie KOHCTaHTbi ajire6pbi F2 na/i, nojiCM ^3. 

51 6y;i,y paccMaxpHBaTb ajire6py Fi Kax npsMyio cyMMy ajire6p i^2- Kascfloe 
cjiaracMoe cyMMbi h OTOJK^ecTBjiHK) c BCKTopoM 6a3Hca ei2 • CooTBeTCTBeHHO, a 
Mory paccMaTpHBaTb ajire6py Fi KaK ajire6py nafl nojiCM F3. IlycTb 613 - 6a3HC 
ajire6pbi Fi nafl hojicm F^. Hh^ckc 6a3Hca 613 coctoht h3 flByx hhackcob: HH;i,eKca 
cjioa H nHflCKca BCKTopa 6a3Hca 623 b cjioe. 

51 6y^y OTOscflcCTBjiaTb BCKTop 6a3Hca ei2 i c eflHHHi^eii b cooTBCTCTByiomeM 
cjioe. Torfla 

(5.1) eis.ji = e23jei2i 
npoii3Be/i,eHHe scKTopoB 6a3iica 613 hmcct bvlji 

(5.2) ei3ji^l3mk = 623 .5612.^623. mei2fc = -S23- j m e23oBl2-ifcei2.b 

TaK KaK Bi2.\^ e -F2, to pa3jiojKeHHe Bi2.\^ OTHOCHTCjibHO 6a3Hca 623 hmcct bh^ 

(5.3) -Bi2ife = -Si2ifce23c 
HoflCTaBHM (5.3) B (5.2) 

^13-ji^l3-mk ^12iA;e23cei2-6 

(5.4) = i323jm,-S23-ac-Bl2-ifce23dei2.b 

- -D23. y,„, i(23 ac^l2 ifcei3.db 

CjicflOBaTCjibHO, Mbi MOJKCM OHpcflCjiHTb CTpyKTypHbic KOHCTaHTbi ajirc6pbi Fl Hafl 

HOJICM F3 

(5.5) -Bl3■:^^^rr^fe = -B23- jm-S23- ac-Sl2- ife 
HT06bI HpOBCpiITb HOCTpOCHHC, paCCMOTpiIM HpOH3BCflCHHC 

ei2-iei2k = e13.oie13.ofc 

= Si3.;Q^.Q^ei3.d6 

(5.6) = S23 S0 -S23 ac-Sl2-ifcei3.db 

71) Op d JJ be — 

— i'23 00-°23 0c-D12 ifc ei3.bd 

= B23 0cBl2 ik ei3 bd 
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C ;i,pyroH CTopoHbi 



- - D b - 

ei2-iei2-fc = i>12iA;Cl2-b 



(5.7) = -812.^^623. de23.oei2-b 
BbipajKCHHs (5.6), (5.7) coBnaflaiOT. 

TeopeMa 5.1. Ecau -612 ^;,, S ^3, n^o KOMnoHenmu ei2-i, 623. fc ecKmopa 613. ifc 
nepeMHOjfcammcM nesaeucuMO 

(5.8) Bis.'.jl,^^ = B23jmBl2ik 

JJoKaaameAbcmeo. Hs paBencTBa (5.2) cjie^yeT 

(5.9) e13.jie13.mk = ^23 jrrae23-a-Bl2.ifcei2.b = B23 jmBl2 ik e23 ab 

PaeeHCTBO (5.8) cjiepyei h3 paBencTBa (5.9). □ 

6. AjirEBPA KBATEPHHOHOB HA/], HOJIEM KOMnJTEKCHblX HHCEJT 

B 3T0M pasflejie h 6yfly paccMaTpiiBaTb ajire6py KBaTepnuoHOB E{C, —1, — 1), 
Tflfi C - nojie KOMnjieKCHbix hhccji. 

npoHSBCfleHiie B ajire6pe E{C^ —1, —1) onpe^ejieHO corjiacHO Ta6jiiin,e 





ei2-i 


612-2 


ei2-3 


ei2-i 


-1 


ei2-3 


— 612-2 


ei2-2 


— ei2-3 


-1 


ei2-i 


ei2-3 


ei2-2 


-ei2.i 


-1 



(6.1) 



CorjiacHO TeopeMe [2]-7.3.1. CTpyKTypHbie KOHCTaHTBi ajire6pi>i KBaTepHHOHOB hmb- 

K)T BH/i; 

.B12-00 =1 -S12-01 = 1 S12-02 = 1 ^12-03 = 1 

-812-10 =1 ^12-11 =~1 -S12-12 = 1 -B12-13 = — 1 

-Bl2-on =1 S12-91 = — 1 -B12-99 =—1 -Bl2-9.i = 1 



512-20 — -012-21 — ~^ -D12-22 -D12-23 
-B12-30 =1 -B12-3I = 1 ^12-32 =-1 -S12-33 =-1 

IlycTb e23-fc = ec-fc. HpoHSBefleHHe b ajire6pe C onpeflejieno coraacHO npaBujiy 
(3.2). CorjiacHO TeopeMe 3.1 CTpyxTypHbie KOHCTaHTbi nojia KOMn.neKCHi>ix hhccji 
Ha/i, nojieM fleiiCTBHTejiBHbix HHceji iiMeiOT bh/i, (3.3). 

CjieflOBaTejibHO, ajire6pa E{C^ —1, —1) H30Mop4)Ha TCHSopHOMy npoH3BefleHHio 
C ® H . IlosTOMy MOJKeM Bbi6paTb 6a3HC 

ei3-ij = ec-i (8 ei2-j 

f6 2) 613-00 = 1 ^ 1 ei3-.oi = lCg)i 613-02 = 1 j ei3-.o3 = 1 » A: 

ei3..io = i 1 ei3-.ii ei3..i2 = i <8) j ei3-.i3 = i (g) A; 
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TeopeMa 6.1. Ta6M,uv,a npouaeedenuM ajize6pu E{C, —1, —1) nad nojieM R UMeem 
eud 





1( 


i 




5 J 


1(? 


D k 


z ® 1 


z ( 


g z 


i(i 


5 J 


i®k 






-1 ® 1 


l€ 


5 fc 


-u 




i 


-id 


51 


i (5 




—i (g) j 






-le 


i k 


-lc> 


5 1 


ic 


g) z 


i® j 


~i g 




-id 


5 1 


i 




5 fc 


15 




-ic 




-u 


51 


i®k 


Zi5 


5 J 


-z C 


g z 


-z (g) 1 




n 


i ( 


i 




5 J 




5 fc 


-1® 1 


-ic 


g z 


-U 


5i 


-1 (g) A: 








51 


i g 






5 J 


-1 ® i 


la 


5 1 


-16 


5 k 


l(g j 




5j 


—i 






n 


i C 


g z 


-1® j 








5 1 


-1 (g) z 




5 fc 


i (5 


5 J 


-z C 






51 


-1 (g) A: 


-u 


5 J 


ic 


g z 


1 (g 1 



/(oKasameAbcmeo. Ta6jiima sanncana corjiacHO paseHCTBy 

{ec-i (g ei2.fc)(ec.j g>ei2.™,) = (ec i e-c-j) ® (fii2 k ei2m) 
H onpeflejiemiio 6a3Hca (6.2). 



□ 



TeopeMa 6.2. C'mpyKmypHue KOHcmaHmu aAze6pu £'(C, — 1,— 1) Ha(9 noACM R 
UMemm eud 



Bi3 


■00 
■00 


00 


= 1 


B13. 


01 
00 


01 = 


1 


B13. 


02 
00 


02 = 


1 


B13. 


03 

00 0,3 — 


1 


Bi3 


■01 
■01 


00 


= 1 


B13. 


00 
01 


01 =~ 


1 


B13. 


03 
01 


02 = 


1 


B13. 


02 

J103^ — 


1 


Bi3 


■02 
■02 


00 


= 1 


B13. 


03 
02 


01 =~ 


1 


B13. 


00 
02 


02 =~ 


1 


B13. 


01 

02^0,3 ^ 


1 


Bi3 


■03 
■03 


00 


= 1 


B13. 


02 
03 


01 = 


1 


B13. 


01 
03 


02 =~ 


1 


B13. 


00 

03^03 — 


1 


Bi3 


■10 
■00 


10 


= 1 


B13. 


11 
00 


11 = 


1 


B13. 


12 
00 


12 = 


1 


B13. 


13 

00 ■13 ^ 


1 


Bi3 


■ 11 

■01 


10 


= 1 


B13. 


10 
01 


11 =~ 


1 


B13. 


13 
01 


12 = 


1 


B13. 


1 2 


1 


Bi3 


■12 
■02 


10 


= 1 


B13. 


13 
02 


11 =~ 


1 


B13. 


10 
02 


12 =~ 


1 


B13. 


11 

02^1.1 — 


1 


Bi3 
Bi3 


■13 
■03 

■10 
■10 


10 
00 


= 1 
= 1 


B13. 
B13. 


12 
03 

11 
10 


11 = 

01 = 


1 
1 


B13. 
B13. 


11 
03 

12 
10 


12 =~ 
02 = 


1 
1 


B13. 
B13. 


10 

oa^i.-i — 

13 

10^03 ^ 


1 
1 


Bi3 


■11 
■11 


00 


= 1 


B13. 


10 
11 


01 =~ 


1 


B13. 


13 
11 


02 = 


1 


B13. 


1 2 


1 


Bi3 


■12 
■12 


00 


= 1 


B13. 


13 
12 


01 =~ 


1 


B13. 


10 
12 


02 =~ 


1 


B13. 


11 

12^03 — 


1 


Bi3 

B13. 


■13 

■1300 
00 

1010 " 


= 1 
= -1 


B13. 
B13 


12 

1301 — 
■01 

■1011 — 


1 

-1 


B13. 
B13 


11 

13 02 — 
■02 

■1012 — 


1 

-1 


B13. 
Bi3 


10 

13 03 — 
•03 

••1013 — 


1 

-1 


B13. 


01 

1110 " 


= -1 


B13 


■00 

■1111 — 


1 


B13 


■03 

■1112 — 


-1 


Bi3 


•02 

••1113 — 


1 


B13. 


02 

1210 - 


= -1 


Bi3 


■03 

■1211 — 


1 


Bi3 


■00 

■1212 — 


1 


Bi3 


•01 

•1213 — 


-1 


B13. 


03 

1310 - 


= -1 


Bi3 


■02 

■1311 — 


-1 


Bi3 


■01 

■1312 — 


1 


Bi3 


•00 

•1313 — 


1 



/JoKasameMbcmeo. yTBepjKflCHHe TeopcMbi mojkho paccMaTpHBaTb jih6o xaK cjie/i,- 
CTBHe TeopcMbi 6.1, jih6o xax cjieflCTBiie TeopeMbi 5.1. □ 

TeopeMa 6.3 (ypaBHemis Komii-PHMaHa). Mampwua AUHeilHou (pyHKv,uu 



y 



ik 



,jm fik 



Jjr 



9tio/]; o KBaTcpHHOHax 



aABe6pu E{C, —1,-1) ydoGAemeopMem coomnomenuio 
(6.3) 



rOj _ flj 

J Oi ~ J li 



fij __ fOj 
J Oi ~ J -li 

/loKaaamejibcmeo. Hs paseHCTB [2]-(3.2.17), (5.8), (3.3) cjie^yeT 

j-Oj fkarc r> pb td Oj 



Oi ~ J "13-.fea Oi -°13-. pb rc 

f-ka-rc P Jlf b r> Q j 

- J ^C-kO ^I2 ai ^C pr ^I2 bc 

— J ^C OO ^12 oi ^C OO ^12 bc 



(6.4) + /■^''■^^ Bc.lo Sc.?i S12.L 

fOaOc T> b ri 3 /■■laic n b r> 3 

— J -Dl2-ai -D12^bc ~ / ^12-ai .Dl2 bc 

( fOaOc flalc\ td b td 3 

flj f karc TD pb td ■Ij 

J Oi ~ J ^iS-.ka Oi ^i3-.pb-rc 

f-ka-rc TDPTDbTDlTD3 

- J ^C-kO ^12 ai ^C pr ^12 bc 

00 ^12 ai £>C-01 ^12 lc 
10 Bl2- ai Bc lo -Sl2^bc 

12^bc + /■^"■°'' Sl2-ai ^12-bc 

/ r Oa lc I r-la Oc\ in b td j 
U + J ) ^12 ai ^12 bc 



= f °-^-Bc°oo Bi2.li Bc-l, B,^^ 
(6.5) +f^'^-^'^ Bc\oB,2.l,Bc.\oB-^' 

= / ""-'^ B^2.li B,2.L + / '" "^ ^12-ai 5i~ ' 



fOj fkarc td pb td Oj 

J li ~ J -°13-.fea li ■°13^. pb-rc 

= / fe— Bcl^ Bc-lr S12.L 

= Bc ox Bi2.ai Bc °i i?12-bc 

(6.6) + /■^"■°- Bc°, B,2.li Bc^°o Si2^L 

fOalc TD b TD 3 flaOc td b td 3 

— -J ^12 ai ■Dl2 bc ~ / ^12^ai ^12 bc 

(■ r-Qa-lc I j;-la-Qc\ td b td 3 

- -{J + J ) Bl2 ai Bl2 fjc 

flj fkarc TD pb td '^3 

J li ~ J -°13^.fea li ^^^ -pbrc 

= /■'^"■'■^ Bcl^ B,2.ii Bc-l, B,2.L 

= f'°°-'°'' Be ll Bi2.ai Bc-lo Bi2 ic 

(6.7) +f^'^-^'^Bc.liB,2'aiBc.liB,2L 

fOaOc td b TD 3 flalc td b td 3 

- J ^I2 ai ^12 bc - J ^12-ai ^12 bc 

( fOa Oc fla lc\ TD b td 3 
= (/ - / J ■t*12^ai -fc'l2 bc 

PaBeHCTBO (6.3) cjieflyei h3 cpaBHenHs paBCHCTB (6.4) h (6.7), (6.5) h 
TeopeMa 6.4 (YpaBHeHHa KoniH-PHMana). Ecau Mampuv,a 



dx 



kl 
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jieAfiemcM Mampuu^eu Hko6u (fiyuK'nuu e aAze6pe E{C, —1, —1), mo 

dy °^ _ dy-^^ 
dx^ ~ dx^ 

JJoKasameAbcmeo. CjieflCTBHe TeopeMbi 6.3. □ 

7. AjirEBPA C (g) {C (g) H) 

Ajire6pa C Cg) (C ® H) ne sBjiaeTca ajire6poH KBaTepuHOHOB. OflHRKO a: pac- 
CMaTpHBaio 3flecb sxy ajire6py Tax KaK b neKOTopoM cmbicjic 3Ta ajire6pa noxojKa 
Ha ajire6py E{C', -1, -1) = C ® H. 

Ajire6pa C ® {C®H) HHTepecna h c flpyroft tohkh apeHiia. ITpH paccMOTpeHHH 
STOii ajire6pbi CTanoBiiTCH OHeBUflHbiM, hto TenaopHoe npoH3Be;i,eHHe neKOMMyTa- 
THBHbix KOjieu; HeaccoLi,HaTHBHO. Tax xax C - nojie, io C ® C ii30Mop4)HO C , h 
cjieflOBaTejiBHO, {C ®C)® H h30mop4)ho C ® H . OflnaKO, TaK xax H ne sBjiHeica 
ajire6poH na/i, hojicm KOMnjiCKCHbix hhccji, to ajire6pa C ® (C ® H) OTjiii^iaeTCH 
OT ajire6pbi {C®C)®H = C®H. 

Ajire6pa C®{C®H) HMeeT nacTOjiBKO 6ojibinyio pa3MepH0CTb, ^^to CTanoBHTca 
Hen,ejiecoo6pa3HbiM paccMaTpHBaTb Ta6jiHn,y yMHOJKeHHs ii CTpyKTypHbie KOHCTan- 
Tbi STOii ajire6pbi. OflnaKO ueT^yjiao yBH^eTb, hto CTpyKiypa stoh ajire6pbi bo 
MHoroM noxosca na cxpyKTypy ajire6p, paccMOTpeHHbix b pa3flejie 5. 

Mbi 6yfleM npeflCTaBjiHTb 6a3iic ajire6pbi C ® {C ® H) b BHfle 

(7.1) Cfeji = ec-k ® {ec j ®eH-i) 

r/i,e ec - 6a3HC ajire6pbi C h en - 6a3HC ajire6pbi H. CooTBeTCTBeHHO, npoii3BefleHHe 
B ajire6pe C ® {C ® H) onpeflejieno noKOMnoHCHTHO 

(7.2) ai (g) (a2 ® as) bi ® (&2 ® &2) = (ai&i) ® ((a2?^2) ® (as^s)) 
TeopeMa 7.1. CmpyKmypnue KOHcmaHtnu aAze6pu C ® {C ® H) uMemm eud 

n rdb fl '' R R ^ 

gde Bc 'pq - cmpyKmypHue KOHcmaHmu noAsi KOMnACKCHUx hucca, Bh-i/^ - cmpyK- 
mypHue KOHcmaHmu aAze6pu KeamepnuoHoe. 

/^oKaaameAbcmeo. J\w ;i,OKa3aTejibCTBa TeopeMbi floCTaTOHHO cpaBHiiTb cjieflym- 
mne paBencTBa 

6pji Sqmk —B.pji.g^/. Grdb 

^pji ^qmk — ^C- p <8> {ec-j ® eH i)ec q {ec-m ® eu k)) 
={ec-p ec q) ® {{ec-j ec-m) <8) (eH-i) e-H-k)) 

=Bc-pgBc-'^rnBH-'lk^C-r ® {ec-d®eH-b) 
=Bc-pq Bc-jrn ^H-ik e-rdb 

□ 



9TIOfl o KBaTcpHHOHax 
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TeopeMa 7.2. CmpyKmypnue KOHcmaHmu aAze6pu C ® {C ® H) uMemm eud 



(7.3) 



pOOb 

-"■OOiOOfe — 




b 

ik 


D 
£} 


Olb 

OOi Olfc ~ 


Oh 


b 
ik 


oOlb 

-^■Oli OOfe ~ 


Bh 


b 
ik 


B 


Olb 

Oli Olfc ~ 


-Bh 


b 

ik 


RlOb 

"OOilOfc — 


Bh 


b 

ik 


B 


lib 

OOillfc — 


Bh 


b 

ik 


Rllb 

-° 01i lOfe ~ 


Bh 


b 

ik 


B 


lib 

Oli llfc ~ 


-Bh 


b 

ik 


RlOb 

-°10i 00fe ~ 


Bh 


b 
ik 


B 


lib 

lOi Olfc ~ 


Bh 


b 

ik 


Rllb 

-° lli OOfe ~ 


Bh 


b 

ik 


B 


lib 

lli Olfc ~ 


-Bh 


b 

ik 


oOOb 

-"■lOilOfe — 


-Bh 


b 
ik 


B 


Olb 

lOillfc — 


-Bh 


b 

ik 


oOlb 

^■lli lOfe ~ 


-Bh 


b 

ik 


B 


Olb 

lli llfc ~ 


Bh 


b 

ik 



/[oKasameAbcmeo. YTBepiKfleHHe TeopcMBi hejihctch cjieflCTBHeM TCopcM 7.1, 3.1. 

□ 

TeopeMa 7.3 (ypaBHemiH Komn-PHMRHa) . Mampwua auhcuhou (pyHKv,uu 

,.ikp 



Jmr ^tkp 
jmr 



(7.4) 



aA2e6pu C ® {C ® H) ydoeAemeopjiem coomHomeHuw 
Jo 

n 
n 

/.c 

/JoKasameAhcmeo. OnHpaacb na paBencTBa [2]-(3.2.17), (7.3), mbi MOsceM hobto- 
piiTb BbiHHCjieHHH, BbinojiHeHHbie fljiH flOKasaTejibCTBa TeopeMbi 6.3. O^HaKO one- 

BHflHO, HTO 3TH BblHHCJieHHH OTJIHi^iaiOTCa: TOJIBKO Ha6opOM HHfleKCOB. TrKHM o6pa- 

30M, H3 TeopeMbi 6.3 cjieflyeT 



■OOj 
OOi 


_ fioi 

~ J lOi 


_ fOlj 
— JOli 


_ fllj 
~ J 111 


■01 j 
OOi 


_ fllj 
~ J lOi 


_ fOOj 

— J on 


_ r-lOj 

— J Hi 


■lOj 
OOi 


_ fOOj 
— J lOi 


_ f llj 

~ J-Oli 


_ rOlj 

— J lli 


■llj 
OOi 


_ fOlj 
— J lOi 


_ flOj 
~ J Oli 


_ fOOj 
— J -Hi 



(7.5) 



(7.6) 



x-Omk M-lmk 

J Oji — J ■: 



■Iji 

_ £-Omk 
J ■Iji 

j-qlfc 
-pli 

r-qOk 
■pOi J 'pli 

PaBeHCTBa (7.4) cjieflyiOT h3 paBencTB (7.5), (7.6). 
TeopeMa 7.4 (YpaBHeHiia Komii-PHMaHa). Ecau Mampuv,a 

fdy^ 
ydx-kiQ 



/■Imk 
■Oji 

r-qOk 
J pOi 

J .1 



□ 
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sieAfiemcsi Mampwueu Hko6u (fjyHKv,uu e ameOpe C ® {C ® H) , mo 



Qy OOi 




QyOli 


Qylli 










QyOOi 


Qy-Wi 


QyOli 


^j^iii 






dxO°i 




QyOOi 


Qy lOi 


QyOli 


Qylli 




Q^-OOj 




Q^-Olj 


QyOOi 


QylOr 


QyOli 


Qylli 




Q^-Olj 


dx-^oj 


Q^OOj 



/JoKasameAhcmeo. CjieflCTBHe TeopcMbi 7.3. 

8. AjirEBPA KBATEPHHOHOB E{R,a,b) 



□ 



ITojiojKHM eo = 1, ei = i, = j, 63 = fc. CorjiacHO paBCHCTBy (4.1) CTpyKTyp- 
Hbie KOHCTaHTbi ajire6pM E{R,a^b) hmbiot bh^ 





=1 


Bqi 


= 1 


■^02 


= 1 


Boa 


= 1 


Bio 


=1 


B°ii 


= a 




= 1 


Bfa 


= a 


B20 


=1 




= -1 


B22 


= b 


B23 


= -b 




=1 


Bii 


=— a 


B32 


= b 


Bia 


=—ab 



TeopeMa 8.1. CmaHdapniHue KOMnoHenmu auhcuhou (pyHKii,uu u Koopdunamu 
coomeemcmeywmezo auhcuhozo npeoBpaaoeanufi Had uoacm R ydoeAemeopjnom 
coomHomeHURM 

/o° =r+af^^+bp^-abf^^ 
fl =r+af^^-bp^+abr 

f2 -_f00_^fll^fjp2^^l^p3 

--f°°-af^^-bp^-abp^ 

= /°^+ hp^+ bp^ 

p = ap^+ap°+abp^-abp^ 



.1) 



/I 

fi 



(8.2) 



fi 
fi 



(8.3) 



p°+ bp^+ bp^ 
ap^+ap°-abp^-abp^ 

fS = P^+ ap'+ f^°- ap^ 
P = P^+ ap'- P°+ ap^ 
P =bp^-abp^+bp°+abp^ 
^ p =bp^-abp^-bp°-abp^ 



9tio/]; o KBaTcpHHOHax 
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(8.4) 



(8.5) 



(8.6) 



(8.7) 



(8.8) 



/°° = 

ps 



f03_ 



bp'- 



-abp^+abp^- 
1 



-abf 



21 



/o+ ^ /i+ ^ /I 



4 
1 

la 
1 

4b 



4a 
1 

4b 
1 



4a&^i 46^° 



4a& 
1 

" 4^ 
1 

" 4^ 
1 

'4^ 
1 

4^ 



/I- 



/I 



/I- 
/I- 



^30 

a/30 

abp'^ 

+ - 
+ 4/3 

4a 

4b 
1 

'4^6 
1 



/I 



/I 
/I 



/I- 



1 



46 
1 



46 
1 

'46 
1 



/I 



-f! 



4b 4 ^° 

4ab-'^ 4a6-'^ 4a''° ' 4a' 
it -^2+ it -^3+ 4 /o+ 4 /i 

'4^'''°"4^'^3' + 4^^° + 4^-^' 



-^/3+^/2-^/f+4/o 
-^/3+^/2+^/f-4/o 
^/3+^/2+^/f+4/o 

f03 L /-O L f 1 + J_ f2_l_l f3 



/30 



/(oKasameAbcmeo. HojibsyHCb paBencTBOM [2]-3.2.17 nojiynaeM cooTHOineHHH 

fO fkr nP rO 

Jo - J ^kO ^pr 

_ nOO rO rO I rll nl rO I 

= f° + ap'+bp'-abr 



22 r2 



rO I j^33 r3 rO 
^22 ~i~ J "30 "33 



fl fkr rP r1 

Jo — J -Ofeo "pr 

— fOl rO r1 I i;10 r1 r1 I f 

— / "00 "01 + / "10 "10 + / 

= f'+P°-bp' + br 



23 r>2 ol I f32 p3 pi 
^20 ^23 "T J ^30 ^32 
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fkr r> 

Jo — J -°fcO ^pr 

£02 rjO r)2 , ^13 nl t:i2 , £ 

- J ^00 ^02 + J ^10 ^13 + J 

j:3 _ fkr nP r)3 
Jo - J ^kO ^pr 

^03 riO rj3 , ^12 pi ri3 , p'. 

- J ^00 ^03 + J ^10 ^12 + J 

fO fkr nP dO 

Jl - J ^kl ^pr 

fl fkr r>P r1 

Jl - J ^kl ^pr 



■20 



732 r)2 I j*31 d3 d2 
-°20 ^20 + / ^-J" 



-"SO ^31 



•21 



22 



-abf 



33 



fi = Bl, B 

_ f03 Tjl r>2 
— J -DOI -D13 



i2 
'pr 



= ar+ar 



Si°i B^^+f 

fl = f^r BP^ B% 

f02 rjl r>3 1 ^13 r>0 r)3 , f'. 
^01 -D12 + / -011^03+7 



•21 



= /' „_ __ 

= r+ar-f 



•20 



•20 



■31 



fO _ fkr r>P pO 
J2 - J ^k2 ^pr 

_ f02 T>2 rjO I J-13 n3 rO , f 

- / ^02 -C>22 + / ^12 -O33 + / 

= bf^ - abf^^ + bf° + abf^ 
fl = Bl^ Bl, 

_ f03 T>2 r>l I J-12 d3 d1 , f'. 

— J ^02 ^23 + / -D12 -032 + / 

= -bf^ + 5/^2 + bf^ + bf° 

f2 _ fkr nP d2 
J2 - J ^k2 ^pr 

_ jOO u2 r>2 



■20 



21 



^02 ^20 + / ^12 -^31 + / 



= r-ar+br+abf- 



f3 _ fkr nP p3 
J2 - J ^k2 ^pr 

_ fOl p2 p3 I j-lO r3 p3 
- J ^02 ^21 + / -Ol2 -O30 

= -r+r+br 



f23 



-f 



■23 



p2 p3 , f30 p3 p3 
^20 ^21 + / ^30 ^30 



B3 pO I ^^32 p2 pO 
21 ^^33 + / ^31 ^22 



r3 pi I j^33 p2 pi 
^21 ^32 + J ^31 ^23 



p3 p2 I ^^30 p2 p2 
^^21 -D3I + / ^^31 ^20 



p3 p3 I ^^31 p2 p3 
^^21 -O30 + / ^31 ^21 



pO pO I -•31 pi pO 
^22 ^00 + J ^32 ^11 



RO r1 -L f30 RI r1 
-D22 -DQI + / ^32 ^10 



pO r2 I j^33 pi p2 
^22 ^02 "T J ^32 ^13 



pO r3 I j^32 pi p3 
^22 ^03 J ^32 ^12 



+ bf 
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/3° = Bl^ 

_ f03 d3 rO I /■12 r)2 nO , f21 nl nO , <-30 nO nO 
-/ ^03^33 + / -C'l3-C>22+/ -C>23-C'll+/ ^33^00 

= -abf'"^ + abf^^ - abf^ - abf° 

fl fkr nP pi 

73 - / -C(fc3 ^pr 

^02 p3 pi I /^13 p2 pi I j*20 pi pi I j^31 pO pi 

— / ^03 ^32 + / -Dl3 -"23 + 7 ^^23 ^^10 + 7 ^^33 ^01 

= 6/°^ - a5/i3 - 6/^° - abf^ 

f2 _ fkr nP p2 
73-7 -C(fc3 ^pr 

£01 p3 p2 I j^lO p2 p2 I j*23 pi p2 , j*32 pO p2 

- 7 ^03 ^31 + 7 ^^13 -"20 + 7 -"23 ^^13 + 7 ^^33 ^( 



02 



j-3 _ ffcr pP p3 
73-7 -fcifeS ^pr 

xOO p3 p3 I fll p2 p3 I j^22 pi p3 , j^33 pO p3 

- 7 7^03 ^30 + 7 -C>13 -C>21 + 7 ■C>23 -^^12 + 7 7^33 ^03 

= /OO _ ^^11 _ ^y22 _ ^^^33 

Mbi rpynnHpyeM 3th cooTHonieHHH b ciiCTeMbi jiHHeiiHbix ypaBHenHii (8.1), (8.2), 
(8.3), (8.4). 

(8.5) - 3T0 penieHHe CHCTeMbi jihrchhijIx ypaBneHHtt (8.1). 

(8.6) - 3T0 penieHHe CHCTeMbi jiHHeHHbix ypaBHenHii (8.2). 

(8.7) - 3T0 penieHHe cncTeMbi jinneitHbix ypaBHenHii (8.3). 

(8.8) - 3T0 penienne CHCTeMbi jinneiinbix ypannennii (8.4). □ 

TeopeMa 8.2. ffAsi aki6ux SHaHeHuu napaMempoe a ^ 0, & 7^ 0, cyui,ecmeyem 
eaauMHO odnosHauHoe coomeemcmeue Meatcdy KoopdunamaMU auhcuhou cj}yHKii,uu 
ame6pu E{R, a, b) u ee cmaHdapmHUMU KOMnoHenmaMU. 

/^OKasameAbcmeo. CjieflCTBne TeopeMbi 8.1. □ 

9. PEryjlHPHAfl cpyHKI^HH 

XoTH B ajireSpe KBaTepniionoB nei anajiora ypaBnenns Konin-PHMana, b pas- 
jiHHHbix CTaTbHx HsynaiOTca pasjinnnnie MnoxecTBa (|)ynKn,Hii, CBOiiCTBa KOToptix 
noxojKH na CBOiicTBa 4)ynKn;H{t KOMHjieKcnoro nepeMennoro. B [4, 5] onpeflejiena 
peryjiapnaa 4)ynKn,Ha:, KOTOpaa: yflOBjieTBOpaeT ypaBnenino 
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TeopeMa 9.1. /(ucjicjjepeH'nuaA'bHoe ypaeneHue (9.1) sKoueajieHmHO cucmeMe ducj}- 
(pepeHVjUaA'bHux ypaeneHuu 

df^_df_ 

df^_dp_ 
9a;° dx^ 

dx^ dx'^ 



(9.2) 



dx° 

dx^ 

df^ 
dx"^ 

df 
^ dx^ 

/l^oKasameAbcmeo. IToflCTaBiiB 

<") 1^ ^ 

B ypaBHCHHe (9.1), nojiyHHM 



dx^ 
dx"^ 
dx^ 















dp 

dx^ 



9/3 
dx^ 







dx^ dx^ dx^ dx^ 



(9.4) 



9/ 
dxo 



df , .df , , 9/ df dp 



' dx 



T+J 



^ df^_dp_ 

dx"^ dx^ 9a;° dx^ dx'^ dx^ 

dx° dx^ dx"^ 

9/^^9/2 _ a/3 

dx^ dx^ dx^ 
1 dx^ dx^ ' 



+k{ 



dx^ 







□ 



^'^dx^ 
^dp 
'dx^ 
.dp 
'dx^ 

yTBepjKfleHHe TeopcMbi cjie^yeT h3 paBCHCTBa (9.4) 

B CTaTbe [1], cjieflCTBue 3.1.2, p. 1000, noKasano, ^^to ecjiH peryjiapnaa 4)yHK- 
njiH Hafl ajire6poii KBaTepunoHOB HMcei orpanHHenHyio HopMy, to sto 4)yHKii,HH 

TOJKfleCTBeHHO nOCTOHHHa. 

TeopeMa 9.2. KoMnoHenmu npouaeodnou Famo pezyAJipnou (pyuK'nuu Had aAze6- 
pou KeamepHuoHoe ydoenemeopsiKim paeencmeaM 

933,, 





(9.5) 



9°°y 


d^^y 


^d^^y 




933y 


dx 


dx 


dx 


+ 


dx 


d°^y 


d^°y 






d^'^y 


dx 


dx 


dx 




dx 


d°^y 




d^°y 


+ 


d^^y 


dx 


dx 


dx 


dx 




d^'y^ 


d^^y 


+ 


y 


dx 


dx 


dx 


dx 



= 



= 
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/^oKaaameAbcmeo. no;i,CTaBHB ypaBHeHHs [2]-(7.3.1); [2]-(7.3.3), [2]-(7.3.5), [2]-(7.3.7) 

B ypaBHCHHH (9.2). Mbl nojiyHHM 

df df^ dp dp 
dx° dx^ dx"^ dx^ 

QOOy glly Q22y Q33y /gOOy 511^ Q22y g33y 



dx dx dx dx \ dx dx dx dx 

gOOy Qlly^g22y ^33^ \ / ^00^ glly Q22y Q33y 

dx dx dx dx J \ dx dx dx dx 

= _2^-2^-2^-2^ 
dx dx dx dx 

=0 

df df__df_ df_ 
dx^ dx^ dx^ dx-^ 

QOly glOy Q23y ^32^ ^QOly ^10^ Q23y Q32y 



dx dx dx dx \ dx dx dx dx 

QOly QlOy Q23y Q32y-. / QOJy ^lO^ ^ 2 ^ ^32^ 



dx dx dx dx J \ dx dx dx dx 

= _2^+2^ + 2^-2^ 
dx dx dx dx 

dp dp dp dp 
dx^ dx^ dx^ dx^ 
d°^y 
dx 
d°^y 



d^'^y 


d^-°y 


f + f 


' d°^y 


d^'^y 


d'°y 


d'^V 


dx 


dx 


dx \ 


^ dx 


dx 


dx 


dx 


d^^y 


d^°y 
h 4 


d^^y\ 


fd°-'y 


d^^y 


d^°y 




dx 


dx 


dx ) 


[ dx 


dx 


dx 


dx J 



dx 

= _2^-2^ + 2^+2'^ 
dx dx dx dx 

=0 

dp dp__dp_ dp_ 
dx^ dx^ dx'^ dx° 



d°''y 


d^^y 


d^-'y 


d'°y / 


' d^^'y 


d^^y 


d^'y 


930 y^ 


dx 


dx 


dx 


dx ' 


y dx 


dx 


dx 


dx J 


Q03y 


d^'y 


d^'y 


^30y^ 


^Q03y 


d^^y 


d^'y^ 


Q30y-. 


dx 


dx 


dx 


dx ) 


[ dx 


dx 


dx 


dx I 



q03 ^d^-y „d'^^y 
! - 2 + 2 + 2 

dx dx dx dx 



□ 
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TeopeMa 9.3. /(ucfjcljepeH'nuaA Famo peayAJipHou (fiymUjUu Had aAzeGpou neamep- 
HUOHoe UMeem eud 



(9.6) 



d''y ^ 


d^^y 


g33y 


dx 


dx 


dx 


d^°y 


d^^y 

f 


d^^y 


dx 


dx 


dx 


d^'-^y 






dx 


dx 


dx 


d'-y 


d'^'y 




H 

dx 


dx 


dx 



dx 



dxi 



dxj 



dxk 



d^ 
dx 

d^°y 
dx 

d^'^y 



idxi 



idx 



Q22y g33y 

-jdxj H — - — kdxk 



dx 

d^'^y . 



idxk - 



dx 



idxj 



dx 

d^y 

dx 

d^°y 
dx 

. d^'y . 



jdxk 
jdx 



dx 

d^ 

dx 

d^ 

dx 



kdxi 



kdxi 



dx 



idxi H — kdx 

ox 



JJoKasameMbcmeo. YTBepiKfleHHe TeopeMbi hejihctch cjieflCTBHCM TeopeMbi [2]-5.2. 



□ 



PaBencTBO (9.1) SKBHBajieHTHO paBencTBy 



(9.7) 



k) 



(df 
dx° 


dp 
dx^ 


dp 
dx"^ 


dp_\ 
dx^ 




dp 


dp_ 
dx^ 


dp 
dx-^ 


dp_ 

dx^ 




dp 
dxo 


dp 
dx^ 


dp 
dx^ 


dp 
dx'^ 


3 

\kj 


dp 
\dx° 


dp_ 

dx^ 


dp 
dx'^ 


dp_ 
dx^ 1 





= 



10. Bmecto snHjiorA 

ITojie KOMnjieKCHbix HHceji h ajire6pa KBaTepniiOHOB HMeroT h oSinne CBoficTBa, 
H HCKOTopbie pasjiHHHs. 3th pasjiH^^HH flejiaiOT 6ojiee Tpy;],HOH 3a;i,aH:y naiiTH b 
ajire6pe KsaTepHHOHOB saKOHOMepnocTH, noflo6Hbie anaKOMbiM naM b nojie kom- 
njiCKCHbix HHceji. ITosTOMy noHUManHe sthx pasjiHHHii oneHB BajKHO. 

O^HO H3 HanpaBjieHHH HCCjieflOBanHH - 3to naiiTH anajior ypaBHeHHH KoniH- 
PHMana b ajire6pe KBaTepHHOHOB. B CTaTte h npoanajiHSHpoBaji HCKOTopbie nccjie- 

;i,OBaHHH B 3TOH o6jiacTH. 

CorjiacHO TeopeMe [2]-7.1.1 jiHHeiiHoe OTo6pajKeHHe hmbct MaTpni^y 

^oo -ai 
^oi ao 

3to OToSpajKCHHe cooTseTCTByeT yMHOSKenHio iia hhcjio a = ag + aii. YTBepsKfle- 
HHe cjieflyeT h3 paBencTB 

(ao + aii)(a;o + xii) = aoxo — aiXi + {aoXi + aia;o)« 



ao 
ai 



-ai 
ao 



aoXo 
aiXo 



aiXi 
aoSi 



51 peniHji paccMOTpcTb anajiormBiAii Kjiacc (JsyHKi^iiii KBaTepHHOHOB. JlnHeiiHoe 
OTo6pa>KeHHe ajire6piji KBaTepHHOHOB 
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HMeeT MaTpHLi,y 



(10.1) 







































V 










J 



HHTepecHO paccMOTpeTt Kjiacc (^pynKixtiii KsaTepHiiOHa, KOToptie hmbiot npoiis- 
Bo;i,Hyio noxoaceii CTpyKTypbi. OflnaKO CTpyKTypa MaTpiin,i>i (10.1) mhb npeflCTaBjia- 

eTCH HeCKOJIbKO JKeCTKOH flJIH npOHSBOflHOit 4)yHKLI,HH KBaTepHHOHOB H H HeCKOJIBKO 

ocjia6jiio Tpe6oBaHHe. 51 6'ypy npeflnojiaraTb, hto npoH3Bo;i,Haa y^OBjieTBopaeT cjie- 
;i,yiOLLi,iiM paBCHCTBaM 

dy° _ dy^ _ dy'^ _ dy^ 
dx'^ dx^ dx"^ dx^ 



(10.2) 



dx^ dx'^ 



(10.3) 

HeTpyflHO y6efliiTbCH, hto npoHSBOflnaa (JjyHKi^iiH BH^a 

y — ax y — xa 
y^OBJICTBOpHCT paBCHCTBaM (10.2), (10.3). 



PaccMOTpHM 4>yHKn,Hio 



y 



X 



HenocpeflCTBeHHoe BbiHHCJieHHe p,aeT 

y°= (x°)2 - (x^r 
y^= 2x°x^ 



{x^Y - ix^) 



3^2 



(10.4) 



y 

y' 



2x°x^ 
2x°x^ 



(2x" 



ITpoHSBOflHaH OToGpajKcmiH (10.4) HMeeT MaTpHn,y 

-0 -2x1 -2x2 -2x^\ 

2x0 

„3 



(10.5) 



2x1 
2x2 



2x° 







\2x^ 2x° / 

CjieflOBaTejiBHO, MaTppma (10.5) y;i,OBjieTBopHeT paBencTBaM (10.2), (10.3). 

TaKHM o6pa30M, MHOJKecTBO cjjyHKLtHH, npoHSBOflnaa: KOToptix yflOBjieTBopaeT 
paBencTBaM (10.2), (10.3) floCTaTOHHO BejiHKO. Hpn stom OTo6pa>KeHHe conpajKe- 
HiiH He yflOBjieTBopaeT sthm paseHCTBaM. 

Bes coMHeHHs, sto tojibko na^ajio HCCjie/i,OBaHHH, ii neMajio BonpocoB ;i,oji>kho 
6biTb OTBeneHO. 
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